Finite width of the analog event horizon is determined by the nonlinearity length in the Kerr nonlinear optical system, which is discussed here, or by the healing length in Bose-Einstein condensates. The various eigen modes of fluctuations are found in the immediate vicinity of the event horizon and the scattering matrix due to the finite width horizon is calculated to within the leading order corrections in the nonlinearity length. The Hawking radiation is found to be that of a grey body with the emissivity larger than one. A procedure of paraxial quantization of the fluctuation field is discussed and its connection to the conventional quantization of the electromagnetic field is demonstrated.
I. INTRODUCTION
Analogue gravity modelled in various laboratory systems is a rapidly developing field both from theoretical and experimental points of view. The seminal paper by Unruh 1 proposed a transonic flow of a barotropic isentropic fluid as a simulator of a black hole event horizon. The prediction was that a radiation analogous to the celebrated Hawking radiation 2, 3 could be observed in such a system. Since then a number of various systems were proposed as playgrounds for simulating the event horizon of black hole. [4] [5] [6] [7] [8] [9] [10] [11] [12] There is also an important progress achieved in experiment, e.g. a whitehole horizon, created by a moving soliton, was observed in optical fibers. 13 An observation of analog Hawking radiation in optical fibers was reported. 14 A black-hole horizon was observed in a Bose-Einstein condensate (BEC) system, 15 and quite recently an observation of laser type amplification of Hawking radiation 16 has been reported. A "horizon physics" is studied also in the surface water waves. [17] [18] [19] A possibility of creating an event horizon in the coherent light propagating in the Kerr nonlinear defocusing medium was discussed in Ref. 11, 20, 21 Reviews on the progress in the field and relevant topics can be found in recent papers. [22] [23] [24] One of the intriguing questions, which is common for general relativity (GR) black holes and analogue gravity models is the behavior Refs. 41, 52 ). Here D = ∂ z + v 0 · ∇ and
are classical scalar fields describing fluctuations of the amplitude and phase, respectively. Although the functions χ and ξ are explicitly real, we will consider below the general properties of the complex solutions of the linear equations (2) and (3). However when calculating the physically measurable quantities only the real part of the functions should be considered.
We now assume that the stationary solution
Here s is the sound velocity of the luminous fluid at x = 0, and x is the distance from the horizon surface along the streamline normal to it. This approximation holds at αx ≪ 1.
It is sufficient to limit the discussion to 1 + 1 dimensions. Then following the derivation outlined in Refs. 21,41 we get the solutions of the equations (2) and (3) as integrals with the properly chosen integration contours:
where
and the l n dependent part is given by
0 s 2 is the nonlinearity length. Integral (5) can be also calculated by means of the steepest descent technique. For this we first have to find the saddle points determined by the equation
where (x < l r ) via regularization region |x| < l r to the supersonic region x > l r . Here
is the regularization length.
Graphical solutions of Eq. (7) |x|/l n ≫ 2ν/3sα. When moving closer to the horizon and crossing it (see figure 1 ) this solution moves towards large k values where the limit kl n ≫ 1 should be taken. Then equation
This equation has three solutions one of which is real and the other two become real only at
with the corresponding wave vector k c = 2ν
. These two modes appear due to bifurcation in the lower half plane in Fig. 1 when the straight line representing the l.h.s. of Eq. The real solution of (9) is k 1h = (4ν/l 2 n ) 1/3 within the width of the horizon at |x| ≪ x c and k e1 = (6αx) 1/2 /l n outside at x ≫ x c . The corresponding eigenfuntion describes a mode, which propagates upstream. That is why its character changes drastically when moving from the subsonic to supersonic region, from the singular function χ s1 = e −iνz x γ−1
The eigenfunction χ e1 appears only due to the quartic term in the fluctuation spectrum in Eq. (7) and is related to the evanescent solution in the subsonic region. The other two eigenfunctions appear due to bifurcation in the lower half plane in Fig. 1 , which takes place at x = x c . The two emerging saddle points, one moving towards smaller k (k 3 can be neglected in (9) ) and the other one towards large k (free term can be neglected) produce two eigenfunctions: the singular χ s2 = e −iνz x γ−1 and the one related to the second evanescent function Now we are in a position to calculate the scattering matrix for an event horizon of a small but finite width. First we have to make use of the coordinates
This coordinate transformation was used in 
where the relation χ = 1 s ∂ x ξ, holding outside the regularization region (|x| ≫ l r ), has been used.
The scattering matrix S transforms three incoming waves (r1, r2, e2), of which the two last waves are negative frequency waves, into three outgoing waves (s1, s2, e1). Hence the unitarity condition S † U S = U is defined with U = diag(1, −1, −1). The balance of the incoming and outgoing currents reads
which holds under the condition that the in- The scattering matrix has the simple form and we get that
The first order corrections in the fourth equation in (18) must compensate each other, which yields the ratio
It is also consistent with the first two equations.
The third equation in (18) is solved straightforwardly, S 
The fact that the functions ξ s2 and ξ e2 stem from the same bifurcation point where they must coincide, allows us to assume that
which is a rather crude estimate, holding to within a numerical factor. However, it may correctly reflect the dependence on l n which is of primary importance for us here.
We can now find the spectrum of the Hawking radiation (in the subsonic region)
This is radiation of a grey body with the emis-
with
and Hawking temperature
It is important to emphasize a surprising result that the emissivity (24) is larger than one. It is well known that emissivity of any grey body at equilibrium with the photon gas is always smaller than one. Here, however we deal with an essentially nonequilibrium system.
That is why the emissivity may be larger than one. It depends on the wave number ν of the emitted photon and increases with it.
The radiation in the supersonic region ("inside the black hole") occurs in two modes: (1) The negative frequency singular mode s2 radiates with the spectrum (2) There is also a weak radiation O(l n ν) due to the e1 mode.
IV. PARAXIAL QUANTIZATION
The analysis of Hawking radiation carried out above is based on the equations (2) 
Choosing ξ as a canonical coordinate we get that the corresponding canonical momentum
This makes the quantization procedure seemingly trivial. It would be sufficient to request the commutation relation
for the corresponding operators of the canonical momentum and coordinate. However, the paraxial quantization condition (27) 
wherex µ are the unit polarization vectors, µ = 1, 2, x = xx + yŷ is normal to the propagating direction, k ⊥ = k xx + k yŷ is the transverse part of the wave vector, ∇ ⊥ =x∂ x +ŷ∂ y , ψ µ,m,n (x, z; ω) make a set of orthogonal poly-
e.g. Hermite or Laguerre polynomials. Calculating the scattering matrix to within the leading order corrections in the nonlinearity length (which determines the width of the horizon) we come to the conclusion that the Hawking radiation is that of a grey body with the emissivity larger than one. This result is quite understandable since the system is stationary but out of equilibrium and there is a permanent source of energy. This conclusion is certainly not specific for the Kerr nonlinear optical systems, discussed here, and can be readily extended to other systems such as, say, Bose-Einstein condensates.
We also show here how the paraxial quantization (commutation relations at the same propagation distance rather than at the same time) is connected with the conventional quantization of the electromagnetic field. As a result, the paraxial operatorsχ andξ describing the Hawking radiation can be now converted into regular photon operators.
